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I� INTRODUCTION

The main focus of this paper is the decay into axions
of axion walls bounded by axion strings� This process
occurs shortly after the QCD phase transition in the
early universe if �� axions exist� �� the axion �eld is not
homogenized by in�ation after the Peccei�Quinn phase
transition has occurred� 	� the axion theory has a unique
vacuum 
N � �� see below�� The decay of axion walls
bounded by strings produces a cold axion population of
density comparable to the cold axion populations pro�
duced by vacuum realignment and by axion string decay�
The word 
cold� indicates that these axions have typical
energies which are much smaller than kBT where T is
the ambient temperature�
The axions from vacuum realignment and from axion

string decay have� at time t� � � � ����sec 
T� � �GeV�
when the axion mass turn on at the beginning of the QCD
phase transition� typical momentum equal to the inverse
of the age of the universe then � hpai � �

t�
� �

����sec
�

���� eV� Here and henceforth �h � c � kB � �� We
will �nd below that the axions produced in the decay of
axion walls bounded by string have typical energy hEai �
few �ma where ma is the axion mass� Astrophysical
and cosmological considerations require the axion mass
to be in the range � ����eV �� ma

�� ���� eV� The
upper limit is derived from the fact that the supernova
SN����a core cooling rate was not shortened by axion
emission� The lower limit is derived from the requirement
that the energy density in cold axions do not overclose
the universe�
In the allowed mass window� the primordial velocity

dispersion of axions from wall decay is thus at least a
factor ��� larger than the velocity dispersion of axions
from vacuum realignment and from string decay� This
has interesting implications for the evolution of axion
mini�clusters� It is also interesting to speculate that the
primordial velocity dispersion of cold axions may some
day be measured in a cavity�type axion dark matter de�
tector� If a signal is found in such detector� the energy
spectrum of dark matter axions can be measured with
great resolution� It has been pointed out that the late in�
fall of dark matter axions onto our galaxy produces peaks
in the energy spectrum because late infall produces dis�
crete �ows� each one with a characteristic velocity vector
on Earth� These peaks are broadened by the primordial
velocity dispersion� Since axions from vacuum realign�
ment and string decay have hpai � ���� eV at temper�
ature T� � � GeV� their velocity dispersion today is of

order �a�I � ��
��

eV

ma

T�
T�
� � � �����
 ����eV

ma
� where T� � 	

K is the present temperature of the cosmic microwave
background� �a�I is the velocity dispersion in intergalac�
tic space� Infall onto our galaxy increases the primor�
dial velocity dispersion by a factor of order �� because
infall compresses the axions in space and hence 
by Liou�
ville�s theorem� disperses them in velocity space� Thus

we arrive at �Ea�I � � � �����
 ����eV
ma

� for an estimate
of the primordial velocity dispersion on Earth of axions
from vacuum realignment and string decay� The corre�
sponding dispersion in energy is �Ea�I � �
 �

�
��ma� �

��ama � � � ����� eV� The minimum time required to
measure �Ea�I is 
�Ea�I�

�� � �� years� assuming we have
ideal measurements and perfectly understand all sources
of jitter in the signal� This is quite discouraging� How�
ever� the second population of cold axion � those from
wall decay � has a larger velocity dispersion by the factor
�a�II
�a�I

� few � ma

����eV
� Hence for the second population�

�E��a�II � ��� sec
 ��
��

eV

ma
� which is much less di�cult to

measure� Thus by measuring the primordial velocity dis�
persion of axions from wall decay a cavity detector of
dark matter axion may some day 
look� all the way back
to events that took place during the QCD phase transi�
tion�
The axion was postulated approximately twenty years

ago� Its existence would explain why the strong interac�
tions conserve the discrete symmetries� P and CP in spite
of the fact that the Standard Model of the particle inter�
actions as a whole violates those symmetries� The axion
in the Nambu�Goldstone boson associated with the spon�
taneous breaking of the UPQ
�� quasi�symmetry which
Peccei and Quinn postulated� Its zero temperature mass
is given by�

ma � � � ����eV �N �
�
����GeV

v

�

��

where v is the magnitude of the vacuum expectation
value that breaks UPQ
�� and N is a positive integer
which describes the color anomaly of UPQ
��� N is also
the number of degenerate vacua of the axion model� The
axion owes its mass to non�perturbative QCD e�ects� At
temperatures high compared to � GeV� these e�ects are
suppressed and the axion mass is negligible� The axion
mass e�ectively turns on when it equals the inverse of
the age t� of the universe� This happens at a temper�
ature T � � GeV� Thereafter it increases till it reaches
the value given in Eq� 
�� which is presumably valid at
temperatures below ��� MeV or so�

�



During the QCD phase transition� each string be�
comes the boundary of an axion domain wall� The walls
bounded by string are unstable and decay� This decay
process is the main topic of this paper� We argue that the
walls bounded by string decay mainly into barely rela�
tivistic axions� We use computer simulations to estimate
the typical energy of the radiated axions� our result is �
Ea � �ma� We already mentioned that the high veloc�
ity dispersion of axions from the decay of walls bounded
by string has interesting implications for the evolution of
axion miniclusters and for the direct detection of axion
dark matter�
To the best of our knowledge� the fact that axions walls

bounded by string are likely to decay predominantly into
barely relativistic axions was �rst pointed by two of us
in ref� ���� D� Lyth worked out some of the cosmolog�
ical implications in ref� ���� M� Nagasawa and M� Ka�
sawaki performed the �rst computer simulations of the
decay of walls bounded by string and found Ea � 	ma

�	�� That their result is smaller than ours is likely due to
the fact that their lattice was much smaller than what
we used� It should be emphasized that the lattice size
which are amenable to present day computers are at any
rate puny compound to what one would ideally wish� In�
deed the size of the axion string core is of order �p

�v

where � is a coupling constant whereas the axion do�
main wall thickness is of order m��a � The lattice con�
stant must be smaller than �p

�v
for the lattice to resolve

the string core� The lattice size must be smaller than
m��a to contain at least one wall� Hence the lattice size
must be of order �� v

ma
� �� v

ma
or larger� Present day

computers allow lattice size of order ���� � ����� i�e�
v
ma

� ���� On the other hand� in axion model of in�

terest v
ma

� ��
��
GeV

����eV
� ����� The computer simulations

inform us about the situation of interest only insofar it
may be assumed that the physics does not vary dramat�
ically from the case where v

ma
is large to the case where

v
ma
is huge� This assumption is plausible but unproven�

To try and remedy this weakness� we will try and study
the dependence upon v

ma
of the quantities of interest to

us� such as Ea�ma� We will �nd that Ea�ma increase

very slowly with v
ma
� approximately like log

�
v
ma

�
� If we

assume this trend to continue for arbitrarily large v
ma
�

then Ea

ma
� �� for ma � ���	 eV� This would strengthen

our �ndings that the velocity dispersion of axions from
wall decay may be measurable in a cavity detector� and
that axions from wall decay bind only very loosely to ax�
ion miniclusters and are ripped o� by galactic tidal forces
when the minicluster falls onto a galaxy�

II� COMPUTER SIMULATIONS OF STRINGS

UNZIPPING WALLS

We have carried out an extensive program of �D nu�
merical simulations of domain walls bounded by strings�

The Model Lagrangian in �nite di�erence form is

L �
X
�n

�
�

�

��
���
�n� t�

��
�
�
���
�n� t�

���

�
X
j

�

�
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��

where �n labels the sites and the sites �n � �j are near�
est neighbors of �n� In these units 
v � ��� the wall
thickness is ��ma � ��

p
	 and the core size is � �

��
p
�� Large two�dimensional grids 
� ���� � �����

were initialized with a straight domain wall initially at
rest or with angular momentum� The static domain
wall solution was obtained by overrelaxation with the
Sine�Gordon ansatz �� � i�� � exp
i tan��exp
may��
for the strip of width D between the two strings and
the true vacuum 
�� � �� �� � �� outside� The
string and antistring core sites were approximated by
�� � i�� � �tanh

��	r��� exp
�i�� and held �xed dur�
ing relaxation� Stable domain walls were obtained for
��
�ma� �� 	� Figure � shows a relaxed wall� Arrows
in �gures are indicating vector 
��� ��� and contour line
shows the height of axion potential�
A �rst�order in time and second order in space algo�

rithm was used for evolution with a time step dt � �
��
The boundary conditions were periodic throughout and
the total energy was conserved to better than � � If the
angular momentum was nonzero� then the time deriva�
tive �� was obtained by a �nite di�erence over a small
time step dt � �
��
The evolution of the domain wall was studied for vari�

ous values of ��
�ma� and wall length D� The string core
attached to the wall is rapidly accelerated by the wall
tension and the potential and gradient energies are con�
verted into kinetic energy of the core� An important fea�
ture is the increased contraction of the core with speed�
For reduced core sizes ��� 
� �� we noticed a lattice ef�
fect� accompanied by �lattice scraping� and emission of
spurious high frequency radiation� This arti�cial friction
eventually balances the wall tension and leads to a termi�
nal velocity� In our simulations we always ensured being
in the continuum limit�
We performed a spectrum analysis of the axion radia�

tion produced by collapsing walls using standard Fourier
techniques� The two�dimensional Fourier transform is
de�ned by

!f
�p� �
�p
LxLy

X
�n

exp

�
�i�

�
pxnx
Lx

�
pyny
Ly

��
f
�n� 
	�

�



for pi � �� � � � � Li where 
i � x� y� with the dispersion
relationship �p is

�p �

s
�

�
�� cos ��px

Lx
� cos ��px

Lx

�
�m�

a
 
��

III� CONCLUSIONS

Results from simulations of axion walls bounded by ax�
ion strings show that axions from wall decay are barely
relativistic and might dominate the axion population af�
ter complete decay of walls� Existence of relativistic ax�
ion population may change the distribution of axion mini�
cluster and make it possible to detect by background ax�
ion detectors�
Even though results from our simulation looks quite

promising� still there are a few factors which give sig�
ni�cant uncertainties in our estimation of the velocity
dispersion�
Between of the prefered value 
ma��

�� � ���	 and the
model we used 
ma��

�� � ��� there is a huge gap which
cannot be �lled by computer simulation� For �v�a�m

�
a �

��� simulations show that hEai�ma becomes bigger� But
the change is at most logarithmic in ma� If we assume
this trend to continue� we estimate hEai � ��ma for
ma � ��

�	 eV�
Another factor which a�ect the average energy of ax�

ions is the time dependence of axion mass around the
critical time t�� We used time independent mass ma for
entire simulation� In real case� however� axion mass is
slowly turned on when the QCD phase transition occurs�
If we use time dependent mass ma
t� in the simulation�
hEai�ma becomes signi�cantly smaller depends on the
initial size of the domain wall and the time dependence
of axion mass�
These uncertainties make our prediction of velocity dis�

persion very weak� But we argue that there is a very good
chance of detecting a signal from the decay of axion do�
main wall bounded by strings�
The average energy of axion from domain wall decay is

estimated hEai � NDMma� where NDM should be in the
range of factor one or two from order �� The minimum
time required to detect this velocity dispersion today is

�E��a � N��
DM

� ��� sec
�
���	eV

ma

�
�

which is very small compared to the time required to
detect the velocity dispersion from vacuum misalignment
and string decay�
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